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1. Introduction
The notion of a null congruence manifold was introduced in [13,16] by taking a particular ellipse in the lightcone above
every point of a time-orientable, Lorentzian manifold. This particular ellipse is associated to a globally deﬁned, timelike vec-
tor ﬁeld. Initially, null congruence manifolds were used to characterize Friedmann–Lemaître–Robertson–Walker spacetimes
and to study inﬁnitesimal null isotropy. These manifolds of null directions of a Lorentzian manifold were further used to
analyze the behavior of conjugate points along null geodesics [9,11], (see also [8,10,22] for more details). Moreover, in an
appropriate sense, null congruence manifolds allow one to study the null sectional curvature as a smooth function on the
set of degenerate tangent planes [23].
Every null congruence manifold on a Lorentzian manifold is endowed with a Lorentzian metric induced by the Sasaki
metric of the tangent bundle. In the particular case that the Lorentzian manifold is 3-dimensional, every null congruence
manifold associated with a timelike vector ﬁeld K is a 4-dimensional, orientable and time-orientable, Lorentzian manifold.
We will call these manifolds null congruence spacetimes and all of them admit a spacelike circle action [9,12]. Moreover,
this action is isometric when the unit vector ﬁeld in the direction of K is parallel. Recently there has been a renewed
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S. Haesen et al. / Differential Geometry and its Applications 27 (2009) 240–249 241interest in spacetimes with this type of symmetry (see e.g. [4,5]). A family of physically realistic null congruence spacetimes
which admit an isometric spacelike circle action was obtained in [12] starting from the 3-dimensional Minkowski space.
As it was mentioned, in order to construct null congruence spacetimes two initial data are required. Namely, a 3-di-
mensional, time-orientable Lorentzian manifold and one of its timelike vector ﬁelds. A big amount of studies, of great
mathematical interest, have already been done on 3-dimensional Lorentzian spaces in the hope to understand better the
geometry of these toy spacetimes. Of course, the translation of their geometric properties to 4-dimensional relativistic models
is not an automatic work (see e.g. [3] and references therein). However, only to think how it can be done could be fruitful.
The construction of null congruence spacetimes can be viewed as a way to build this bridge from 3-dimensional Lorentzian
manifolds to 4-dimensional spacetimes.
The main aim of this paper is to obtain new null congruence spacetimes starting from 3-dimensional Robertson–Walker
spaces and to construct trapped surfaces in these spacetimes through the lift of certain spacelike curves. The content of
this paper is organized as follows. In Section 2 we recall, from [12] and for the sake of completeness, the basic deﬁnitions
and properties of null congruence manifolds. It is a remarkable property that the natural projection from a null congruence
manifold to the Lorentzian base manifold is a semi-Riemannian submersion with both O’Neill fundamental tensors non-
vanishing in general.
A globally deﬁned orthonormal basis on a null congruence spacetime is obtained in Section 3. Hence, all null congruence
spacetimes are Lorentz-parallelisable in the terminology of [19]. Further, the Riemann–Christoffel curvature tensor of a null
congruence spacetime constructed from a general 3-dimensional, time-orientable, Lorentzian manifold is calculated by using
O’Neill’s formulas for the curvature.
In Section 4 we specify the base manifold to be a 3-dimensional Robertson–Walker space. First, we characterize when a
null congruence spacetime constructed from a 3-dimensional Robertson–Walker space satisﬁes the Einstein condition on the
Ricci tensor. In the particular case of a direct product I × Σ , where Σ is a Riemannian surface of constant curvature and a
timelike vector ﬁeld K = Φ∂t , all the null congruence spacetimes admit an isometric spacelike circle action. Moreover, the
Ricci tensor of these spacetimes is always diagonal and they are either conformally ﬂat or of Petrov type D (Proposition 7).
A natural question arises in this setting, namely, what is the class of spacetimes which can either locally or globally be
described as a null congruence spacetime? A partial answer is given in Theorem 8 where it is shown that the classical
static Einstein universe is locally isometric to a null congruence spacetime. The section is ended by giving a geometrical
description of the natural null congruence spacetime on the 3-dimensional de Sitter space in Proposition 10.
One of the advantages of the null congruence spacetimes is that they allow to reduce the study of certain geometric
properties of the 4-dimensional spacetime to related properties in the 3-dimensional Lorentzian base manifold. In particular,
the horizontal lift of a spacelike curve in the 3-dimensional Lorentzian base manifold provides us with a spacelike surface
in the null congruence spacetime. An important class of spacelike surfaces in a spacetime are the trapped surfaces. They
play, amongst others, a fundamental role in the study of the singularity theorems (see e.g. [1,14] and references therein).
In Section 5 we study under which assumptions on the spacelike curve its horizontal lift produces a trapped or marginally
trapped surface in the null congruence spacetime. Further, the examples which are obtained all admit an isometric spacelike
circle action. This technique is then applied to obtain a family of trapped surfaces in the spacetime, locally isometric to the
static Einstein spacetime, which is constructed in Theorem 8.
2. Null congruence Lorentzian manifolds
Let (M, g) be an n( 3)-dimensional Lorentzian manifold, that is, a (connected) smooth manifold M endowed with a
non-degenerate metric g with signature (−,+, . . . ,+). We shall write ∇ for its Levi-Civita connection, R for its Riemann–
Christoffel curvature tensor, given by R(X , Y )Z = ∇X∇Y Z − ∇Y∇X Z − ∇[X ,Y ] Z , and Ric for its Ricci tensor. Remember that
a tangent vector u ∈ T pM is said to be timelike if g(u,u) < 0, null if g(u,u) = 0 and u = 0, and spacelike if g(u,u) > 0 or
u = 0. A vector ﬁeld K ∈ X(M) is said to be timelike if Kp is timelike for all p ∈ M . From now on, the Lorentzian manifold
(M, g) is assumed to be time-oriented, that is, a global timelike vector ﬁeld K has been ﬁxed.
The null congruence manifold associated with K is deﬁned as the set
CK M =
{
v ∈ TM | g(v, v) = 0 and g(v, Kπ(v)) = −1
}
,
with π : TM → M the natural projection. For each p ∈ M we put (CK M)p = CK M ∩ T pM . We next recall that CK M is an
orientable submanifold of TM with dimension 2(n − 1) and (CK M,π , M,Sn−2) is a spherical ﬁber bundle with structure
group O (n − 1), proofs of these facts are given in [9].
The connection map or connector c associated with the Levi-Civita connection ∇ is deﬁned by
c : T TM → TM, X → ∇α
dt
∣∣∣∣
0
,
where α is a curve in TM with α′(0) = X and ∇αdt is the covariant derivative of the vector ﬁeld α along the curve π ◦ α
on M (see e.g. [25, Prop. 2.4.1]).
For each v ∈ TM , the canonical identiﬁcation between the tangent spaces will be denoted by
( )v : Tπ(v)M → Tv Tπ(v)M, u → (u)v ,
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Recall further that the position vector ﬁeld, or Liouville ﬁeld, A ∈X(TM) is given by Av = (v)v .
From the Lorentzian metric g on M , the Sasaki metric ĝ on TM is deﬁned as
ĝ(ζ , ξ) = g
(
π	(ζ ),π	(ξ)
)
+ g
(
c(ζ ), c(ξ)
)
,
for all ζ , ξ ∈ T TM . The projection π : (TM, ĝ ) → (M, g) is a semi-Riemannian submersion in the terminology of [7,20].
Given X ∈X(M), the horizontal lift X̂ ∈X(TM) of X along π is characterized by,
X̂ω = ∇Xω, (1)
for each one-form ω ∈ X	(M), where ω is regarded as a smooth function ω : TM → R. It is satisﬁed that dπ( X̂) = X ◦ π
and c( X̂) = 0. Since (M, g) is a Lorentzian manifold, (TM, ĝ ) is a semi-Riemannian manifold with index 2.
As it was shown in [9], (CK M, ĝ ) is a Lorentzian manifold and π |CK M : (CK M, ĝ ) → (M, g) is a semi-Riemannian submer-
sion with spacelike ﬁbers, that is, for each p ∈ M the induced tensor ĝp = ĝ | (CK M)p turns ((CK M)p , ĝp) into a Riemannian
manifold.
Remark 1. If the metric g of the base manifold M is replaced by a conformal metric h = Ω g , the sets CK M and CΩ−1K M
are the same. However, a short calculation shows that the respective metrics ĝ and ĥ are in general not related by a
conformal change. Further, it follows that in the particular case where Ω is a non-zero constant, the manifolds (CK M, ĝ )
and (CΩ−1K M, ĥ ) are homothetically related.
As usual, the vectors of T CK M tangent to the ﬁbers are called vertical while the vectors normal to the ﬁbers are called
horizontal. At each v ∈ (CK M)p , we denote by Vv the tangent space Tv (CK M)p and Hv the orthogonal complement to Vv
in TvCK M . We will write V and H for the corresponding distributions on CK M and also for the orthogonal projections onto
them. A standard computation gives, for v ∈ CK M with π(v) = p,
TvCK M =
{
ξ ∈ Tv TM: g
(
c(ξ), v
)
= g
(
c(ξ), Kp
)
+ g(v,∇π	(ξ)K ) = 0
}
,
Vv =
{
(u)v ∈ Tv T pM: g(u, v) = g(u, Kp) = 0
}
, (2)
and
Hv =
{
ξ ∈ Tv TM: c(ξ) = g(v,∇π	(ξ)K )v
}
.
As a direct consequence, the horizontal lift along the semi-Riemannian submersion π |CK M of X ∈ X(M) is the vector ﬁeld
X˜ ∈X(CK M), given for every v ∈ CK M by,
X˜v = X̂v + g(v,∇Xπ(v) K )Av , (3)
where X̂ is the horizontal lift of X to TM given in (1).
For each z ∈ T pM we can construct the following linear form on T pM , Γz(u) = g(u,∇z K ), u ∈ T pM . Then, if Z ∈ X(M),
we can consider ΓZ ∈X	(M) with ΓZ (u) = g(u,∇Zπ(u) K ). In particular, from (3), it follows that
Z˜ = Ẑ + ΓZA.
If v ∈ CK M and ξ , ζ ∈ Vv , then the O’Neill fundamental tensor T of the semi-Riemannian submersion π |CK M satisﬁes
the condition
ĝ(Tξ ζ ,Z) = −Γπ	(Z)(v) ĝ(ξ , ζ ), (4)
where Z ∈ TvCK M (see e.g. [2,20] for a general deﬁnition and some properties of the O’Neill fundamental tensors T and A
of a semi-Riemannian submersion). It follows that the ﬁbers of the semi-Riemannian submersion π |CK M are totally geodesic
if and only if the timelike vector ﬁeld K is parallel.
For every X , Y ∈X(M), the O’Neill fundamental tensor A of the semi-Riemannian submersion π |CK M satisﬁes
2A X˜ Y˜ = −(RXY )− − ĝ
(
(RXY )
−
,K
)
A, (5)
where (RXY )− ∈X(TM) is given by (RXY )−v = (RXpYp v)v , with p = π(v).
In contrast to the usual studies of submersions where one of the O’Neill fundamental tensors vanishes, the submersion of
the null congruence manifold over the Lorentzian base manifold has in general both O’Neill fundamental tensors non-zero.
Proposition 2. If the timelike vector ﬁeld K is conformal, the ﬁbers (CK M)p , for every p ∈ M, are totally umbilical in CK M.
Proof. Let ξ , ζ ∈ Tv (CK M)p . Suppose that K is conformal with £K g = ρg . Then, using (4) there holds, for every horizontal
Z ∈ Tv (CK M),
ĝ
(
II(ξ , ζ ),Z) = g(v,∇π	(Z)K )̂g(ξ , ζ ) = {ρ(p)g(v,π	(Z))− g(π	(Z),∇v K )}̂g(ξ , ζ ),v
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of ∇v K in every point v ∈ CK M . Hence, ĝ(Q,Z) = g(∇v K ,π	(Z)). On the other hand, g(v,π	(Z)) = ĝ(Zg(v),Z), with Zg
the geodesic vector ﬁeld. Thus,
II(ξ , ζ ) = −ĝ(ξ , ζ ){Q(v) − ρ(p)Zg(v)}. 
3. The curvature of null congruence spacetimes
From now on we assume that the base manifold M is a 3-dimensional, time-orientable, Lorentzian manifold. In this case,
every null congruence manifold CK M is a 4-dimensional, time-orientable, Lorentzian manifold which admits a spacelike
circle action. We will call these manifolds null congruence spacetimes. Recall that the circle action is isometric if and only
if the normalized timelike vector ﬁeld deduced from K is parallel [12].
Null congruence spacetimes over an oriented manifold are always furnished with a distinguished global orthonormal
basis. In fact, for every v ∈ (CK M)p , there exists a unitary spacelike vector e1 ∈ T pM perpendicular to Kp so that
e1 =
√−g(K , K )p v − Kp√−g(K , K )p .
Then, let e2 ∈ T pM such that {T (p), e1, e2} is an oriented orthonormal basis of T pM , where T = K√−g(K ,K ) . We obtain the
announced global orthonormal basis by taking the following vector ﬁelds on CK M ,
{T˜ , E1, E2,U}, (6)
where E1(v) = e˜1 |v , E2(v) = e˜2 |v and U (v) = (e2)v . From (2) it follows that U generates the vertical distribution V
on CK M . It is further important to point out that the global vector ﬁelds E1 and E2 are not basic vector ﬁelds (i.e., horizontal
and π -related to vector ﬁelds on M , [20]) in general.
Remark 3. In the terminology of [19], a Lorentzian manifold which admits a global orthonormal basis is called Lorentz-
parallelisable. This concept differs from the usual notion of parallelisable manifold. Namely, although every Lorentz-
parallelisable manifold is parallelisable, in contrary to the Riemannian case, the converse is not true in general (see [19]
for details). In [6] it was shown that a non-compact spacetime is Lorentz-parallelisable if and only if it admits a spinor
structure. Hence, if M is a 3-dimensional, non-compact, orientable and time-orientable, Lorentzian manifold, then every
null congruence spacetime CK M admits a spinor structure.
Every null congruence spacetime is the total space of a semi-Riemannian submersion. Therefore, the components of its
curvature can be computed from the curvature of the Lorentzian base manifold by using the O’Neill fundamental tensors
given in (4) and (5) as the following proposition shows.
Proposition 4. Let (CK M, ĝ ) be a null congruence spacetime over a 3-dimensional Lorentzian manifold (M, g). The, in general, non-
vanishing components of the Riemann–Christoffel curvature tensor R̂ of the null congruence spacetime at a point v ∈ CK M are,
ĝ
(
R̂( X˜ ,U )Y˜ ,U
)
v = g(v,∇X∇Y K ) + 2g(v,∇X K )g(v,∇Y K ) − g(v,∇∇X Y K )
− 1
2
g
(
R(Xp , Yp)Kp , v
)− 1
4
g
(
R(v, e2)Xp , R(v, e2)Yp
)
, (7)
2̂g
(
R̂( X˜ , Y˜ ) Z˜ ,U
)
v = Z˜ v ĝ
(
(RXY )
−
,U
)− g(R(∇Z X , Y )v, e2)
− g(R(X ,∇Z Y )v, e2)+ g(v,∇Z K )g(R(X , Y )v, e2)
− g(v,∇X K )g
(
R(Y , Z)v, e2
)− g(v,∇Y K )g(R(Z , X)v, e2), (8)
ĝ
(
R̂( X˜ , Y˜ ) Z˜ , W˜
)
v = g
(
R(X , Y )Z , W
)
+
1
2
g
(
R(X , Y )v, e2
)
g
(
R(Z , W )v, e2
)
− 1
4
g
(
R(Y , Z)v, e2
)
g
(
R(X , W )v, e2
)
+
1
4
g
(
R(X , Z)v, e2
)
g
(
R(Y , W )v, e2
)
, (9)
where X , Y , Z , W ∈X(M).
Proof. Formulas (7)–(9) follow straightforwardly from [2, Th. 9.28] and the following components of the covariant derivative
of the O’Neill tensors T and A:
ĝ
(
(∇̂ X˜ T )U U , Y˜
)
v = −g(v,∇X∇Y K ) − g(v,∇X K ) g(v,∇Y K ) + g(v,∇∇X Y K ),
ĝ
(
(∇̂U A) X˜ Y˜ ,U
)
v = −
1
2
g
(
R(X , Y )v, K
)
,
ĝ
(
(∇̂ Z˜ A) X˜ Y˜ ,U
)
v = −
1
Z˜ v ĝ
(
(RXY )
−
,U
)
+
1
ĝ
(
R(∇Z X , Y )v, e2
)
+
1
ĝ
(
R(X ,∇Z Y )v, e2
)
,2 2 2
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4. Null congruence spacetimes from 3-dimensional Robertson–Walker spaces
The general expressions for the components of the Riemann–Christoffel curvature tensor of a null congruence spacetime
given in the previous section are very complicated in the general setting. In order to obtain more manageable formulas, we
will concentrate on the construction of null congruence spacetimes from a 3-dimensional Robertson–Walker space.
Recall that if (Σ ,σ) is a two-dimensional Riemannian manifold with constant curvature c = 0,±1 and f > 0 a smooth
function on I ⊂ R, then the 3-dimensional Robertson–Walker space M = I × f Σ is the product manifold I × Σ furnished
with the metric [21, Ch. 12],
g = −dt2 + f 2σ . (10)
In order to simplify the computations we restrict our attention to timelike vector ﬁelds K = ΦT , where Φ is a smooth
function on I and the unitary timelike vector ﬁeld T in the coordinates used in (10) reads T = ∂t . In the particular case
Φ = f , the timelike vector ﬁeld K is conformal. We simplify the notation by writing f and Φ also for the natural lifts of
the corresponding functions to CK M .
Recall that the matter properties of a spacetime are determined by its Ricci tensor. The following proposition gives the
components of the Ricci tensor of a null congruence spacetime on a 3-dimensional Robertson–Walker space.
Proposition 5. Let (M, g) be a 3-dimensional Robertson–Walker space and K = ΦT . Then, the components of the Ricci tensor of the
null congruence spacetime CK M are given as follows,
R̂ic(U ,U ) = −Φ
′′
Φ
+ 2
(
Φ ′
Φ
)2
− 2Φ
′
Φ
f ′
f
+
1
2Φ2
(Kσ )2 − 12Φ2 (KT )
2
, (11)
R̂ic(T˜ , T˜ ) = Φ
′′
Φ
− 2
(
Φ ′
Φ
)2
− 2KT − 12Φ2 (KT )
2
, (12)
R̂ic(E1, E1) = KT −
(
f ′
f
)2
+ Kσ − Φ
′
Φ
f ′
f
− 1
2Φ2
(Kσ )2, (13)
R̂ic(E2, E2) = KT +
(
f ′
f
)2
+ Kσ − Φ
′
Φ
f ′
f
− 1
2Φ2
(Kσ )2 + 12Φ2 (KT )
2
, (14)
R̂ic(T˜ , E1) =
(
f ′
f
)2
+
Φ ′
Φ
f ′
f
− 1
2
KT + 12Φ2 KT Kσ ,
R̂ic(E2,U ) = − Φ
′
Φ2
KT + f
′
Φ f
Kσ ,
R̂ic(T˜ ,U ) = R̂ic(T˜ , E2) = R̂ic(E1,U ) = R̂ic(E1, E2) = 0,
where KT = f ′′/ f is the sectional curvature of every plane containing the vector T , and Kσ = ( f ′2 + c)/ f 2 the sectional curvature
of every plane tangent to a spacelike slice.
Proof. We will only show how to obtain the expression for R̂ic(E2,U ), since the components R̂ic(T˜ ,U ) and R̂ic(E1,U ) can
be calculated in a similar way. The remaining components of the Ricci tensor follow from a straightforward computation by
using (7) and (9).
Since not all vector ﬁelds in the global orthonormal basis obtained in (6) are basic, we construct a local basis with basic
horizontal vector ﬁelds in order to carry out the computations. Therefore, let v ∈ CK M and {T , e1, e2} be the orthonormal
basis of T pM as before, with p = π(v). We can extend this basis to an orthonormal basis {T , X , Y } on an open neigh-
borhood of p, where X(p) = e1 and Y (p) = e2 . The horizontal lift of this basis to the null congruence spacetime gives an
orthonormal basis {T˜ , X˜ , Y˜ ,U} on an open neighborhood of v , with U (v) = (e2)v . This basis now contains basic horizontal
vector ﬁelds.
There holds that
R̂ic(Y˜ ,U )v = ĝ
(
R̂(Y˜ , X˜) X˜ ,U
)
v − ĝ
(
R̂(Y˜ , T˜ )T˜ ,U)v .
From (8) it follows that
2̂g
(
R̂(Y˜ , X˜) X˜ ,U
)
v = X˜v ĝ
((
R(Y , X)
)−
,U
)− g(R(∇X Y , X)v, e2)p
− g(R(Y ,∇X X)v, e2) + 2g(v,∇X K )g(R(Y , X)v, e2) . (15)p p
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R → CK M , with λ˜(0) = v and λ˜′(0) = X˜v and such that π(˜λ) = λ ∈ Σ , λ(0) = p and λ′(0) = e1 . Then,
X˜v ĝ
((
R(Y , X)
)−
,U
)∣∣
v =
d
ds
∣∣∣∣
s=0
g
(
R(Yλ, Xλ)˜λ(s), c[U λ˜]
)
.
Because λ˜(s) ∈ CK M , there exists a unitary spacelike vector ﬁeld P ∈X(λ) with P (0) = e1 , so that
λ˜(s) =
1
Φ
{Tλ + P}.
Then, from the formulas for the curvature tensor of a Robertson–Walker space (see e.g. [21]), it follows that
R(Yλ, Xλ)˜λ(s) =
1
Φ
Kσ
{
g(Xλ, P )Yλ − g(Yλ, P )Xλ
}
.
The curve λ remains in one spacelike slice, therefore the function 1
Φ
Kσ is constant along λ. Hence,
X˜v ĝ
((
R(Y , X)
)−
,U
)∣∣
v =
1
Φ
Kσ
{[
Xg(Xλ, P )
]
s=0 + g
(
e2,
∇
ds
∣∣∣∣
s=0
c[U λ˜]
)}
.
There holds that
1 = ĝ(U λ˜,U λ˜) = g
(
c[U λ˜], c[U λ˜]
)
,
so that
0 =
d
ds
∣∣∣∣
s=0
g
(
c[U λ˜], c[U λ˜]
)
= 2g
(
e2,
∇
ds
∣∣∣∣
s=0
c[U λ˜]
)
.
The remaining term [Xg(Xλ, P )]s=0 is also zero. For,[
Xg(Xλ, P )
]
s=0 = g(∇X Xλ, e1)p + g(e1,∇X P )p = g(e1,∇X P )p ,
because the vector ﬁeld Xλ is unitary. From the deﬁnition of the vector ﬁeld P it follows that g(Tλ, P ) = 0. Using the
expressions for the covariant derivatives in a Robertson–Walker space [21], we ﬁnd that
g(T ,∇X P )p = − f
′
f
.
Further there holds that g (˜λ(s), P ) = 1
Φ
. Taking the covariant derivative along the curve λ gives
g
(
c[ X˜], e1
)
p + g(v,∇X P )p = 0.
Thus, g(v,∇X P )p = − f ′Φ f , from which it follows that g(e1,∇X P )p = 0.
Hence, Eq. (15) becomes,
2̂g
(
R̂(Y˜ , X˜) X˜ ,U
)
v =
f ′
f
g
(
R(Y ,T )Y , v)p − 2 f ′f g(R(Y , X)Y , v)p
=
f ′
Φ f
KT + 2 f
′
Φ f
Kσ .
An analogous computation shows that
2̂g
(
R̂(Y˜ , T˜ )T˜ ,U)v = f ′Φ f KT + 2 Φ
′
Φ2
KT ,
from which the result follows. 
Corollary 6. Let (M, g) be a 3-dimensional Robertson–Walker space and K = ΦT . Then, the following three conditions are equivalent:
1. The null congruence spacetime CK M satisﬁes the Einstein condition R̂ic = Λĝ , Λ ∈ R,
2. The base manifold M is ﬂat (i.e., c = 0 and f is constant) and Φ(t) = 1At+B , A, B ∈ R,
3. The null congruence spacetime CK M is ﬂat.
Proof. If the Einstein condition R̂ic = Λĝ is satisﬁed, it follows from (13) and (14) that f ′ = 0. Comparing (11) and (12)
then shows that c = 0, which after inserting in (13) gives Λ = 0. The function Φ(t) further has to satisfy the differential
equation ΦΦ ′′ = 2(Φ ′)2 , which gives condition 2.
The implication 3 ⇒ 1 is trivial.
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tion 4 shows that the sectional curvature function on non-degenerate planes vanishes identically and hence CK M is ﬂat. 
As it was mentioned before, the spacelike circle action on every null congruence spacetime associated with K is isometric
if and only the normalized timelike vector ﬁeld T = K√−g(K ,K ) is parallel [12]. If the base manifold M is assumed to be sim-
ply connected and geodesically complete, the de Rham–Wu decomposition theorem shows that the circle action is isometric
if and only if M is globally isometric to a product R × Σ , where Σ is a geodesically complete Riemannian surface [30].
Therefore, null congruence spacetimes on product manifolds are the main examples which admit an isometric spacelike
circle action. In the particular case that the surface Σ has constant curvature, the general formulas from Proposition 5 can
be applied to obtain the following result.
Proposition 7. Let (Σ , g0) be a Riemannian surface of constant curvature c and Φ : I ⊂ R → R+0 . The null congruence spacetime
CΦ∂t (I × Σ) admits an isometric spacelike circle action and its scalar curvature Ŝ is given by
Ŝ = −2Φ
′′
Φ
+ 4
(
Φ ′
Φ
)2
− c
2
2Φ2
+ 2c.
Moreover,
1. If Φ satisﬁes ΦΦ ′′ − 2(Φ ′)2 + c2 − cΦ2 = 0 the null congruence spacetime is locally conformally ﬂat. Otherwise its Petrov type
is D.
2. If Φ satisﬁes ΦΦ ′′ − 2(Φ ′)2 − c2 + cΦ2 = 0 the null congruence spacetime is ﬁlled with a perfect ﬂuid. Otherwise it is ﬁlled with
an anisotropic perfect ﬂuid.
In the particular case that Σ = S2 and Φ = 1 there holds the following result.
Theorem 8. Let (R × S2, g) be the 3-dimensional static space whose metric can be written in local spherical coordinates as
ds2 = −dt2 + dϑ2 + sin2(ϑ)dϕ2. (16)
Then, C∂t (R × S2) is locally isometric to the 4-dimensional, static Einstein universe, ﬁlled with a perfect ﬂuid.
Proof. At a point p ∈ R × S2 , let K = ∂t , e1 = ∂ϑ , e2 = 1sin(ϑ) ∂ϕ be an orthonormal basis of T p(R × S2). The Ricci tensor of
CK (R × S2) can be written, with Uv = (e2)v , π(v) = p, as
R̂ic =
1
2
(U  ⊗ U  + e˜1 ⊗ e˜1 + e˜2 ⊗ e˜2),
i.e., the spacetime is ﬁlled with a perfect ﬂuid with energy density ρ̂ = 34 and pressure P̂ = − 14 . From Proposition 7 it
follows that CK (R × S2) is locally conformally ﬂat.
The expansion Θ̂ of the 4-velocity K˜ of the perfect ﬂuid is zero. For,
Θ̂ = −ĝ(K˜ , ∇̂K˜ K˜ ) + ĝ(˜e1, ∇̂˜e1 K˜ ) + ĝ(˜e2, ∇̂˜e2 K˜ ) + ĝ(U , ∇̂U K˜ ).
Because K˜ is unitary and K is a parallel vector ﬁeld on R × S2 , it follows that
Θ̂ = ĝ(U , ∇̂U K˜ ) = −ĝ(TU U , K˜ ) = 0.
In [28] it is shown that every locally conformally ﬂat perfect ﬂuid spacetime is of embedding class one, i.e., it is embed-
ded in a 5-dimensional pseudo-Euclidean space. Further, in [27] and [29, Ch. 37] it is shown that an embedding class one,
locally conformally ﬂat, perfect ﬂuid spacetime with μ̂+ 3P̂ = 0 and zero expansion must be locally isometric to the static
Einstein universe. 
Remark 9. Let (B, gB) be a Riemannian manifold. The product R × B can be endowed with the Lorentzian metric g =
−dt2 + gB . The manifold C∂t (R × B) is diffeomorphic to the product R × UB , with UB the unit tangent bundle of the
manifold B . In particular, C∂t (R × S2) can be identiﬁed with R × US2 . Taking into account the Poincaré representation,
which shows that the unit tangent bundle US2 is diffeomorphic to the Lie group SO(3) (see for instance [18]), it is easily
deduced that the local result of the above theorem cannot be improved to a global one.
It is well known that the 3-dimensional de Sitter space S31 can be described as the Robertson–Walker space R × f S2 ,
where f (t) = cosh(t).
Proposition 10. The null congruence spacetime CKS31 , constructed from the 3-dimensional de Sitter space and the timelike conformal
vector ﬁeld K = f T , is a Petrov type II spacetime with constant scalar curvature Ŝ = 4. Moreover, its Ricci tensor is of Segre type A3
[11, 2].
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L̂ =
√
3
2
tanh(t)(T˜ + X˜), N̂ = 1√
6 tanh(t)
(T˜ − X˜), Y˜ and U ,
as
R̂ic = 2Y˜  ⊗ Y˜  − U  ⊗ U  − 3
2
{̂L ⊗ N̂ + N̂ ⊗ L̂} − L̂ ⊗ L̂, (17)
where {Tp , Xp , Yp} is an orthonormal basis of T pS31 such that v = (Tp + Xp)/ f (t0), π(v) = p = (t0,q). Hence, the Ricci
tensor is of Segre type A3 [11, 2]. Further, a direct computation from (17) shows that CKS31 has constant scalar curvature 4
and from Proposition 4 it follows that CKS31 is of Petrov type II. 
5. S1-invariant trapped surfaces in null congruence spacetimes
The construction of null congruence spacetimes from 3-dimensional Lorentzian manifolds gives the opportunity to reduce
the study of certain surfaces in these spacetimes to a study of curves in the 3-dimensional space. As an application it is
shown that, in particular cases, appropriate spacelike curves in the Lorentzian base manifold M can be lifted to trapped
surfaces in the null congruence spacetime. In the following it is assumed that M is orientable.
Let γ : J ⊂ R → M be a non-geodesic spacelike curve which is arclength parametrized. We assume that J ⊂ R is chosen
such that S = {π−1(γ (u))}u∈ J is a surface in CK M and therefore S is necessarily a spacelike surface.
Assume that γ admits a Frenet frame {X = γ ′, Y , Z} with curvature function k and torsion τ . The Frenet equations are
written as follows,
∇X X = εkY ,
∇X Y = −kX − ετ Z ,
∇X Z = −ετ Y ,
where g(Y , Y ) = ε = ±1 and g(Z , Z) = −ε (see e.g. [17]).
From now on we will assume that γ admits a horizontal lift at every v ∈ S . By taking the horizontal lift of X , Y and Z
to every point v ∈ S we obtain an orthonormal frame { X˜ , Y˜ , Z˜ ,U} of CK M on S , where U is the unitary ﬁeld tangent to
the ﬁber. There holds that,
∇̂ X˜ X˜ = ε˜kY˜ ,
∇̂ X˜ Y˜ = −˜kX˜ − ετ˜1 Z˜ + τ˜2U ,
∇̂ X˜ Z˜ = −ετ˜1 Y˜ + τ˜3U ,
∇̂ X˜ U = −ετ˜2 Y˜ + ετ˜3 Z˜ , (18)
with k˜(v) = k(u) and τ˜1(v) = τ (u) when π(v) = γ (u), and τ˜2 and τ˜3 are related to the O’Neill tensor A by
τ˜2 = ĝ(A X˜ Y˜ ,U ) and τ˜3 = ĝ(A X˜ Z˜ ,U ).
The shape operator Sξ of the surface S with respect to a unitary normal direction ξ is given by,
ĝ
(
Sξ (W1), W2
)
= −ĝ(∇̂W1ξ , W2),
with W1, W2 ∈X(S). Then, at v ∈ S ⊂ CK M , there holds from (18) that,
SY˜ ( X˜)v = k˜(v) X˜v − τ˜2(v)Uv , SY˜ (U )v = −τ˜2(v) X˜v − g(v,∇Y K )Uv , (19)
S Z˜ ( X˜)v = −τ˜3(v)Uv , S Z˜ (U )v = −τ˜3(v) X˜v − g(v,∇Z K )Uv . (20)
As a direct consequence of (19) and (20), we get the following result.
Proposition 11. Let γ : J ⊂ R → M be a non-geodesic, spacelike, arclength parametrized curve in a 3-dimensional, Lorentzian mani-
fold M and S the total lift of γ in a null congruence spacetime CK M. The mean curvature vector ﬁeld Ĥ of the spacelike surface S at a
point v is given by,
2Ĥ v = ε
{˜
k(v) − g(v,∇Y K )p
}
Y˜ v + εg(v,∇Z K )p Z˜ v , (21)
where π(v) = p.
Remark 12. Note that Ĥ does not explicitly depend on the curvature of the base manifold M , i.e., Ĥ only depends on the
O’Neill tensor T .
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over S . A spacelike surface S is called marginally trapped when its mean curvature vector ﬁeld Ĥ is null all over S (see
e.g. [24,26]).
As it was mentioned before, every null congruence spacetime CK M admits a spacelike circle action and it becomes a S1-
principal bundle. The horizontal distribution H then deﬁnes a connection on this principal bundle if and only if the vector
ﬁeld K√−g(K ,K ) is parallel [12]. In this case, it is well known that every curve in the base manifold M admits horizontal
lifts [15].
Assume ﬁrst that the null congruence spacetime CK M has totally geodesic ﬁbers, i.e. the timelike vector ﬁeld K is
parallel.
Corollary 13. The total lift of a non-geodesic, spacelike, arclength parametrized curve in a 3-dimensional Lorentzian manifold to a null
congruence with geodesic ﬁbers is a trapped surface if and only if its principal normal vector is timelike, i.e., ε = −1.
This result and Theorem 8 offer the possibility to construct trapped surfaces in the static Einstein universe starting from
an appropriate spacelike curve in the 3-dimensional space R × S2 with Lorentzian metric (16).
Example 14. Consider the curve γ : ]0, 1[ → M , given in the coordinates (t,ϑ ,ϕ) of (16) by
γ (u) =
(
1
2
u
√
1 − u2 + 1
2
arcsin(u),
1
2
u
√
2 − u2 + 1
2
arcsin
(
u√
2
)
,
π
2
)
.
This is an arclength parametrized spacelike curve whose normal vector is timelike. Hence its total lift π−1{γ (u)}u is a
trapped surface in the locally static Einstein spacetime of Theorem 8. This particular example can be generalized to obtain
a family of trapped surfaces in that spacetime.
We already mentioned that in [12] a family of null congruence spacetimes is constructed starting from the 3-dimensional
Minkowski space L3 and a timelike vector ﬁeld K = Φ∂t . All spacetimes in this family are stably causal, and if 2(Φ ′)2 −
Φ ′′Φ  0 they satisfy the timelike convergence condition. Proposition 11 allows one also to construct trapped surfaces in
this family of spacetimes.
Corollary 15. Let K = Φ∂t ∈ X(L3) be a timelike vector ﬁeld and γ : J ⊂ R → L3 a non-geodesic, arclength parametrized spacelike
curve such that its timelike osculating plane contains K . Then, the total lift of γ is a trapped surface in CKL3 .
Example 16. Consider the spacelike curve γ (u) = (cosh(u), sinh(u), 0) in L3 with metric ds2 = −dt2 + dx2 + dy2 . If K =
Φ(t)∂t , then S = π−1{γ (u)}u is a trapped surface in the null congruence spacetime CKL3 .
If the base manifold M is a product I × B and γ is a curve in the slice {t0} × B , geodesic or not, the computations in
Proposition 11 can be adapted to obtain a similar result. We assume as before that the domain of γ is chosen such that
S = {π−1(γ (u))}u∈ J is a surface in CΦ∂t (I × B).
Proposition 17. Let (B, gB) be a 2-dimensional oriented Riemannianmanifold,Φ : I ⊂ R → R+0 a function and γ : J ⊂ R → {t0}× B
an arclength parametrized curve. Then, the squared length of the mean curvature vector ﬁeld of the spacelike surface S =⊂ CΦ∂t (I× B)
at v is given by,
4̂g(Ĥ , Ĥ)v = k2(u) −
(
Φ ′(t0)
Φ(t0)
)2
with k the curvature of the curve γ and π(v) = γ (u).
Proof. Let X = γ ′ and Y ∈ X(γ ) such that {X , Y } is an oriented orthonormal basis along γ in B . Then, {X , Y , ∂t} is an
orthonormal frame along γ in I × B . Using similar computations as in the proof of Proposition 11, the result follows. 
Corollary 18. If γ : J ⊂ R → {t0}× B is an arclength parametrized geodesic and Φ ′(t0) = 0, then the spacelike surface S is a trapped
surface in CΦ∂t (I × B). Moreover, S admits an isometric spacelike circle action.
Corollary 19. Let γ : J ⊂ R → {t0} × B be an arclength parametrized curve with constant curvature k = 0 and Φ(t) = exp(±kt).
Then, the spacelike surface S is a marginally trapped surface in CΦ∂t (I × B). Moreover, S admits an isometric spacelike circle action.
Example 20. In the particular case that the base manifold is L3 and Φ(t) = exp(kt), with k = 0, the null congruence space-
time CΦ∂tL
3 is a stably causal, Petrov type D spacetime which satisﬁes the timelike convergence condition [12]. The total
lift of a straight line in the t = 0 plane is a trapped surface in the null congruence spacetime CΦ∂tL3 . Further, the total lift
of a circle of radius 1/|k| in the t = 0 plane is a compact marginally trapped surface in CΦ∂tL3 .
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